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Abstract 

Using the framework first presented by Ruf and Sani in ll26ll . we give a proof of an Adams type 
inequality which can be applied to the functional 



1 C ( m ~ l \ C 

Je(u) = - I |V m M | 2 + V a y (x)\V 7 u\ 2 dx - I 



F(x, u) 



dx - e I hudx. 



Under two kinds of assumptions on the nonlinearity, we estimate the min-max level of the func- 
tional. As an application, a multiplicity result for the related singular quasilinear elliptic equation 
is proved. 
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1. Introduction and main results 

Let V 7 u, y e {0, 1,2, • • • , m], be the y-th order gradient of a function u e W"' 2 (M 2m ) which is 
defined by 

IA>u y even, 
y-i 
VA~m y odd. 

Here and throughout this paper, we use the notations that 

A°u = V°u = u. 



Consider the following nonlinear functional 

m— 1 



J £ (u) = - f |V m M | 2 + y aJx)\ V y u\ 2 dx- f F( f'^ dx-e f hudx (1.1) 
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which is related to the higher order partial differential equation 

m-l j., , 

f{x, u) 



(—A) m u + ^](-l) r V y ■ (a y (x)V y u) 

y=0 



eh(x). 



(1.2) 



Here w > 2 is an even integer, e is a small constant, the equation is defined on the whole 
Euclidean space of dimension 2m, < ft < 2m, h(x) £ belongs to the dual space of E which 



will be defined later, f(x, s) : 



. is a continuous function which satisfies some growth 



conditions and a y {x) are continuous functions satisfying 



(Ai)there exist positive constants a r , y = 0, 1, 2, 
(A 2 )(a Q (x)r l eL\R 2m )- 



,m— 1, such that a y (x) > a y for all x e 



p2m. 



This kind of equations has been extensively studied by many authors. When m-l, for the 
case ft — 0, the equation on a bounded domain D. has been investigated in |i, TcJ U, 34]. The 
corresponding n-Laplacian problem on a bounded domain also appears in many contexts, for 
example, in I8u23jl. For an unbounded domain, the problem becomes different and for this case 
one can refer to laLZtlal and the references therein. For the singular case, namely < ft < n, 
one can refer to |yl llfl [30l l33[] and the references therein. Due to the the variational structure of 
this kind of equations, when m = 1, usually the existence of solutions is related to the Moser 



Trudinger type inequality. The inequality was first established by Truidinger 12811 and Moser B22I1 

i 

and it says that, for a bounded domain Q c W and any < a < a n — ncj'^ , 



sup 

U £W 1 - n (.n),\\Vu\\ L n (a) 



C e a\u\A 

<i Jn 



dx < oo, 



(1.3) 



where <y„_i is the area of the unit sphere in M". 

When m > 2, related results about the corresponding higher order equations on bounded 
domains can be found in EE IBB. To deal with the higher order equations, we need a 
generalization of the Moser- Trudinger type inequality which is called the Adams type inequality. 
The classical Adams inequality given by Adams [2] reads, for a bounded domain O c M" and 
any < a < a(m, n), 



sup 

WllValL 



Jn 



where 



a(m, ri) = 



I r(^±i) ) 



dx < oo, 



m odd, 



m even. 



(1.4) 



After Adams' work, many authors extended the inequality on a bounded domain from different 
points of view, for example, one can see Ji, 12, 27, 321. In particular, we mention the following 
singular Adams type inequality on a bounded domain 01911 which will be used later in our proof. 

Theorem A Let < ft < n and Q. c R" be a bounded domain. Then for any < a < 
\1 — |j a(m, n), we have 



=K 



sup 

*(n),nv»«|i 



<i 
2 



r e a\u\n- 



-dx < oo. 



(1.5) 



Moreover, when m is an even number, the Sobolev space W a ' "' (Q) in the above supremum can be 
replaced by the Sobolev space WZ' m (£2). 

In Theorem A, WZ' m (Q) is used to denote the space of functions with homogeneous Navier 
boundary conditions, namely, 

W™'™(Q) := Ik e W"'™(Q) | A r u\ dn = in the sense of traces for < y < • 

By definition, we have W '"' (Q) c W N "' (Q),thus W N " : (H) is a larger Sobolev space. 

It is easy to see that, when Q c R" has infinite volume, the problem is that the integrals 
in both ( 11.31 ) and ( 11.41 ) become infinite and the inequalities do not make sense. For the Moser- 
Trudinger type inequality, this problem was solved in 13, 25] for dimension n = 2 and in Q 
for general dimension. Recently, for the Adams type inequality on an unbounded domain, Ruf 
and Sani 12611 got the following result 

Theorem B Let m be an even integer less than n and <p{t) :— e' — Yl y Zo ^t> where y«. :— 
min Jy e N\y > ^} > ^. There exists a constant C m> „ > such that, for any domain Q. c W, 

sup I <p(a(m,n)\u\~^)dx < C m>n (1-6) 

and this inequality is sharp. 

Hereafter we use |M| mj „ to denote the norm of u which is defined by 

||K|| m ,„:=||(-A + /)fK|y, 

where / denotes the identity operator. 

After this, based on the ideas in Ruf and Sani's paper 112611 . there are several generalizations 
of this result from different points of view. Lam and Lu ll 811 improved Theorem B to the case 
that m is an odd integer. When n = 2m and m > 2 is an even integer, \\u\\ mt „ becomes 

IMIm,2m := ||(-A + /)? M || L 2. 

But to be more suitable to use when considering equation d 1.21 l. it is better to establish a singular 
Adams type inequality using the norm 




instead of the norm || ■ || mj 2 m - Here t,„ = 1 and r y > for y = 0, 1,2, • • • ,m — 1. For the 
nonsingular case, namely /} — 0, this was done in Il29ll for n = 2m - 4 and in ll 811 for general 
n = 2m. When < /3 < n, there are only results for the special dimension n = 2m = 4. In [29], 
Yang proved a result for the subcritical case a < a(2, 4) and in 11811 . Lam and Lu generalized the 
result to the critical case a = a(2,4). In this paper, we consider the general case n = 2m and get 
the following theorem 



3 



Theorem 1.1 Let m > 2 be an even integer, r m = 1, T y > for y = 0, 1, 2, ■ ■ • ,m — 1 and 

< p < 2m, then for any < a < (l — ^ J ff(m, 2m), 

f e"" 2 - 1 

sup — dx< oo, (1.7) 

«£»"". 2 (M 2 '"),||m|| £ <1 Jr 2 '" W 

where a(m,2m) — (An) m m\. Furthermore, the inequality is sharp. 

From now on we assume that m > 2 is an even integer and the dimension n of the domain 
satisfies n = 2m. Motivated by the Adams type inequality above, we assume the following 
growth condition on the nonlinearity fix, s) of equation (II .21 . 

(Hi) There exist constants a lh bu b 2 > and 6 > 1 such that for all (x, s) e M 2 '" x K, 

Wx^y^bM+b^sfie^ 2 -I). 

(H 2 ) There exists p. > 2 such that for all x e R 2m and 5^0, 

< pF(x, s)=pf fix, t)dt < sf(x, s). 
Jo 

(H 3 ) There exist constants R Q , M > such that for all x € M 2m and \ s\ > R , 

< F(x,x) < M Q \f(x, i)| . 



m-l 



y=0 



Define a function space 

E := i m e W m ' 2 (M 2m ) : f (|V'"m| 2 + V a y (x)\V y u\ 2 )dx < 
I Jr 2 »' 

and denote the norm of u e E by 

Xm-l 
(iv" M | 2 + y fl r (x)iv M | 2 )(/x 
2 ™ Z^a 



\u\\e 



Here and in the sequel we use E* to denote the dual space of E and assume h(x) e E*. Define a 
singular eigenvalue Ap by 



An :- inf 



ue£\(0) f ii-dj 



(1.8) 



Moreover, we assume 

(H 4 ) lim sup s ^ 2|F( ;' s)l < Ajg uniformly with respect to x G M 2m . 

The functional J e satisfies the geometric conditions of the mountain-pass theorem. The proof 
is similar to those in M29I1 and 113311 . Namely, there exist two constant r € > and i? e > such that 

4 



J e (u) > § e when \\u\\e = r e and there exists some e e E satisfying ||e||£ > r e such that J e (e) < 0. 
Moreover, J e (0) = 0. Then the min-max level Cm of J € is defined by 

Cm = min max JJu), 

le£ uel 

where £, = {I e C([0, l],E) : 1(0) = 0,1(1) = e). It is obvious that C M has a lower bound § e , 
namely Cm > &e- We also want to give an explicit upper bound of Cm- To this end, we need the 
following additional assumptions 

(H5) liminf s ^ +00 sf(x, s)e~ a ° s ~ = +oo uniformly with respect to x e R 2m 
or 

(H5)' There exist constants p > 2 and C p such that 

1/(5)1 > C p \ S \ p -\ 

where 

ceo 



P~ 2 \ 2 
C P > U 1 



(l-A)(4^m!j 



5 , := inf r . (1.9) 

Under each of these two assumptions, we can get the same estimate on the min-max level of 
( 11.11 ). Precisely, we have 

Theorem 1.2 Assume either (H$) or (H5)', together with (H{) and (i/3), then there exists eo > 
such that, for any < e < eo, the min-max level Cm of il.lt satisfies 

CM< h- £.)<*£«. a,o) 

V 2m I 2ao 



We remark that the above two assumptions on f(x, s) can not cover each other. For details, 
one can refer to 1 31 , [33 ] for examples of f(x, s) which can not satisfy these two assumptions 



simultaneously. As an application of the above estimate, we can get the following multiplicity 
result of equation ( 11.2l i. We can see later that the estimate on Cm plays a crucial role in the proof 
of Theorem 1.3. 

Theorem 1.3 Assume either (H5) or (H$)', together with (Hi) — (H4), then there exists e\ > 
such that, for any < e < e\, the equation ( 17.21 ) has at least two distinct weak solutions. 

We organize this paper as follows: In Section 2, we prove the Adams type inequality (Theo- 
rem 1.1). In Section 3, we estimate the min-max level of functional (11. U (Theorem 1.2). As an 
application of these two theorems, we prove the multiplicity result in Section 4 (Theorem 1.3). 
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2. Adams type inequality 

Before the proof of Theorem 1 . 1 , we point out that for r y < a r , y = 0, 1 , 2, • • ■ ,m— 1 , 

\\u\\e < IMIe- 

This is the reason why Theorem 1 . 1 can be used in the study of equation ( 11.21 ). Using the Sobolev 
norm 



( m \V2 

\u\\ W n,i := 



Ky=0 



it is easy to see that the norm || • \\ E is equivalent to the norm || • \\w»&- Another fact worth to 
emphasize is the following lemma 

Lemma 2.1. Under assumptions (Ai) and (A2), we have that the space E is compactly embedded 
into the space L q {M? m ) for any q > 1. 



The proof of this lemma is essentially the same as the proof of Lemma 3.6 in 12911 . But for 
the convenience of readers, we give a proof here. 

Proof. When q > 2, it is easy to see that the embedding E «-» L ? (M 2m ) is continuous. When 
q — 1, Holder's inequality and (A2) imply that 



X\u\dx < \ \ dx\ \ \ ao(x)u 2 dx\ < \ \ 
2,,, \J R i m a Q (x) j \J R 2,„ j \J R i m a ( 

When 1 < q < 2, we have 

Xlu^dx < f (\u\ + u 2 )dx < ( f — - — dx\ \\u\\ E + —\\u 
2m J R 2,n \J R 2m U Q {x) j O 



dx\ \\u\\ E . 

X) 



Thus we have that, for any q > 1, the embedding E =-> L 9 (R 2m ) is continuous. 

Next we prove that the embedding is also compact. Suppose {u^} c E is a bounded sequence, 
we need to prove that Uk converges to some u e E strongly in L 9 (IR 2 '") up to a subsequence for 
any q > 1 . 

(A2) implies that, for any e > 0, there exists R e > such that 

f 1 7 
-dx < e . 

J\x\>R e SOW 

Since \uk) is a bounded sequence, up to subsequence, we can assume that Uk converges to some 
u strongly in L 1 {Br c ). When q = 1, we have 



X\uk — u\dx = I \uk — u\dx +| \uk — u\d. 
2m J\x\<R e J\x\>R e 

f iu* - mi^x + ( r — — ( r 

J|.v|<R e \J|x|>^ £ «0W / \J|^j 



< I |«yt — M|t/x + I I dx\ I I ao(x)\uic — u\ 2 dx 

\x\<R e \J\x\>R e a o( x ) ) \J[A:|>fi e 

< I \uk — u\dx + e\\uk — u\\e- (2.1) 



Noticing that e can be arbitrarily small, we get from (12.11 ) that 



lim I \uk - u\dx = 0. 



When q > 1 , we have 



X\ui - u\ q dx < I \iik — u\dx\ I \ui-u\ 2q 1 dx 
_ 2 ™ \Jk 2 '» / \Jr 2 '» 



< Cj j \u k -u\dxj ^0 (2.2) 
as k — > oo. Here we used the continuous embedding £ «-> L 2f/ ~ 1 (R 2m ). □ 

We remark here that the singular eigenvalue Ap defined in ( 11.8b and S p defined in are 
both positive constants for any < B < 2m. When B = 0, (Ai) gives us that Ao > ao > 0. When 
< B < 2m, we have 

X— rrfjC < I U 2 dx + ( I \u\ 2q dx\ ( I TT<fa| 
2 -» 1^ J w >i U|,|<i / lJ W <i \xfi' ) 

< C\\u\\ 2 E , 

where - + ~ = 1 and < < 2m. This implies that Ap > ^ > 0. Similarly, we can prove 

To prove Theorem 1.1, we first give several definitions. Let Br be an open ball centered at 
with radius R > 0. If u : Br — > R is a measurable function, the distribution function of u is 
defined by 

H u (t):= M({xeB R \\u(x)\>t}) Vr > 0, 

where vVt(-) denotes the Lebesgue measure of a set in R". The decreasing rearrangement of m is 
defined by 

u*(s) : = inf{f > I fi u (f) <s] Vs e [0,M(B R )]. 
Finally, the spherically symmetric decreasing rearrangement of u is defined by 

u(x) := u*{cr n \x\ n ) Mx e B R , 

where cr„ is the volume of the unit ball in R". 

Now we begin to prove Theorem 1.1 by using the framework of Ruf and Sani's work (2& . 
After [26], similar ideas were also used in [18], [ 19] and 1 2911 . 

Proof of Theorem 1.1. For any u e W m ' 2 (R 2 '") and p > 0, direct computations give that 

((-A+p/)? M ) dx= Y C(m,y)p m - 7 \ \V 7 u\ 2 dx, (2.3) 

where C(m,y) = y[ (m-y)\ • In particular, C(m,m) = C(m,0) = 1 and C(m, 1) = m. Define 



Py 



( c(my) )'" 7 ' y ~ {0' 1' 2, • ■ ■ ,m} and let p = min{po,Pi, ■ ■ ■ ,Pm}- Then (12.3b tells us that 



f 

Jr 2 - 



((-A + pf)?w) ax< ||w|||. 
7 



So if we can prove that 

r e m,i - 1 

sup I — dx < oo, 

»eW». 2 (a 2 ™),J K2m ((-A+p7)f ufdx<i J R2m 

the inequality in Theorem 1 . 1 is proved immediately. 

By density of C^(K 2m ) in W m ' 2 (R 2m ), we can find a sequence {u k } c C~(R 2 '") such that u k -> 

u in W™' 2 ^ 2 '"). Without loss of generality, we can assume that J^ 2 ,„ ((-A + pl)^u^ dx = 1, for 
otherwise we can use u% = — r instead of u k . 

Suppose, for a fixed k, supp u k c B Rk . Define 

f k = (-A + prfuk 

and use ft to denote the spherically symmetric decreasing rearrangement of f k . Consider the 
equation 

/ (-A + p/)?v* =/; in B Rk , 

By properties of rearrangement (see ), we have 

f ((-A+p/)?v i ) 2 ^ = ||/;iI 2 =||/,|I 2 = f ((-A+p7)? M ,) 2 djc=l (2.4) 

jB Rk V JB Rk 

and 

e m, i - 1 f e m '* - 1 

dx < I — — „ — dx. (2.5) 



B Rk W -J BRt W 

Let ro > 1 be a constant to be determined later. If R k < ro, since 

\\V n v k \\ 2 L2(BRt) < ^ ((-A+pD?v k fdx = 1, 

by Theorem A, we get 



Ib r 



e av «-l 

" (X JC ""C fj 



>B„ k w 

where C m>ro is some constant depending on m and ro but not depending on k. 
If R k > ro, rewrite L c rir- dx into 

Jdr,. l A 'r 



e av t - 1 f e m 'i - 1 



Firstly, we estimate I\, Define, for y = {1,2, and x e B, , 

f r (W) = i*r 2r . 



-c/x := /i + 1%. 
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Let 



where 



gk(x) = ^ 4,yfy(M). 

7=1 

A?-^ T (ro) ' 



Denote (Vjt(x) - gjt(jc)) by ^(x). By construction, we have (see Lemma 4.3 in 112611 ) V m //£ = V m v* 
in B ro , fi/c is a radial function with homogeneous Navier boundary conditions and for < |jc| < ro, 



v 2 k (x) < ulix) 



Since ro > 1, ( 12.61 ) implies that 



l+C m ]Tr - 4r ||A^v t || 



)'=! 



+ c„ 



v£(x) < nl (x) 



l+C m r ^\\V y n\\l HBro) 



y=0 



+ c„ 



Define 
and 

Then we have 



p k (x) := jjL k (x) 



m— 1 

l+C m r 3 J]||V^||2 2(Bj( 

y=0 



C min : = min{C(m,y)p"'" r | < y < m - 1). 



1 + C„,r 3 £ ||W t || 



\2 



2 

/- 2 (B r „) 



)'=<» 
m-1 



liv^iii. 



(2.6) 



(2.7) 



l+W^IIV^II^ ||V»>< 

m-l \ 2 ( m-1 

1 + C,„r 3 j] || Vv t ||2 2(Br > l-J] C(m, yV^IIVv*^ 



y=0 



m-1 \ 

l+C m r - 3 2ll^v,||^ o) 
r=o 



7 V 7=0 

2 



m-1 \ 

y=0 



(2.8) 



where we have used ( 12. 3t and (12.4l i at the third equality. Choose r, 3 , > max{l, ^-}, we get from 

_ " *-min 

(|278T > that 

(2.9) 
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Now by ( 12.7b . we have 



^l(x)il + C,„r- 3 XU ll Vrv *lfe( S , ,) +ffC »"0 _ j 



71 * 1 w dx 

e aji 2 k (x)+aC,„. ro _ ^ 

— dx 



< e aC "->° —~--dx. 



,„, | 

Then (12.9b and Theorem A imply that 

^1 — ^m,ro,a,p- (2.10) 

Secondly, we deal with h- The radial lemma (see Chapter 6 in iflilo tells us that for v k e 

W"u 2 (B Rk ) c W h2 (R 2m ), we have 



(m - IV i 



Take rl"" 1 > ^ '-,,,„, ■ If W > r , by (ED, we have 



tt'" min(mp m ,p"'} ' 

< yJmm{mp m - 1 ,p m }\\v k \\ w i,2 (R 2„, ) . (2.12) 



On the other hand, we have 



min{mp m - I ,p m }||v i || 2 wl , 2(R2 „, ) < f {mp m - x \Vv k \ 2 + p m v 2 k )dx 

< I ((-A+pr)1v k fdx 

= 1. (2.13) 

Obviously, ( 12.121 1 and (12. 1 3b imply that |v,t(x)| < 1 for any \x\ > ro. It follows that 



I 2 < - (e av *-l)dx 
r Q JB Rt \B,. 



i r 

7 J B . B h— dx 

r UBl <k\ B >-o /=1 
1 f* 00 O^V^ 



r Q JB„ k \B ro l=l 
1 °° a 1 

- ~s 2 7r" Vt "»"' 2 (R 2 '") 



'0 1=1 

1 



7T 



min{mp m - 1 ,p m }r^ j~( V- 

— C m s ^ a ,p- (2. 14) 
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1 I 

Take r > max{l,(^) 3 .(^ ^J^y) ) 2 '"')- Then Fatou's lemma together with d23l 
(ITTOl i and $2A4\ tells'that " "'""^ ' P 



f — TTo - — liminf f 

J R 2,„ W J R2 ,„ |xf 



and the proof of the inequality is finished. 

To prove the sharpness of the inequality, we need a sequence of test functions. For this rea- 
son, we postpone the proof of sharpness till the end of Section 3. □ 



3. Min-max level 



In this section, we estimate the min-max level of J e . Firstly, we define a sequence of functions 

fa(x) by 



fa(x) 



|x|e[^=,l), 



->/^P log|x| 



We [l.oo) 



where 



(4n) m (m -IV 

M = € C °°(B 2 (0)),& | MlW) = & | Ml(0) = 0. 



^ i 



(-iF(r- Di^S 



laB 2 (0)= and 



/log* 



Obviously, are continuous functions defined on 



p2m 



Moreover, for y = {1, 2, ■ ■ • ,m — 1} 

and |V m &| are all O 

with compact supports . 

To estimate the W m ' 2 norms of fa, we need the following lemma. 

Lemma 3.1. For y = {1, 2, • ■ ■ , m - 1), f/ie y-f/; order derivatives of fa with respect to r satisfy 



v d^ k dy~4> k 

hm — — = lim 



dry 



dry 



(3.1) 



and 



where r = lxl. 



lim 



I"- dry 



lim 



l* dry 



(3.2) 



Proof. Direct computations give that, when -4= < r < 1, the y-fh order derivatives of fa with 
respect to r are 



M log & 

Combining this with our assumptions on we get ( 13.2l i. 
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To get ( 13. p , we consider the following functions of r 

fjfc(r) = log r. 

^Mlogl 

The Taylor series of t\Sj) at r is 

y=0 



log A: 1 ^(l-Arp 



y. 

2M tJ2M logk^j 7 
We use ft(r) to denote the summation of the first m terms of the series, namely, 



log A: 1 "^(l-kry 



V 2M ^IMXagk^i 7 

It is easy to know that, at r — \, for y = {1, 2, ■ • • , m — 1}, the y-th order derivatives of ^(r) equal 
to those of fjt(r) respectively. By the definitions of fa, we have 



fa(x) 



t k (r 2 ) re[0,^), 
f,(r 2 ) re[J=,l). 



log A: 



This fact implies (13. Il l immediately. □ 

We remark that to find the extremal of Adams inequality, Adams has constructed a sequence 
of functions in |01 which has properties similar to our sequence. But at first, Adams' functions 
have no explicit expressions. Moreover, our functions are defined on the whole space M 2m instead 
of a bounded domain Q c M 2 " 1 . 

We claim that fa(x) e W^ 2 (R 2m ) and, for y = {0, 1, ■ ■ • , m - 1), 

\W 7 fa\\ 2 L 2 = o 

while 

WV"^ = ||Af fa\\% = 

To prove the claim, we first point out that, by Lemma 3.1 and the formula for integration by 
parts, we can get the weak derivatives of fa(x) until order m by computations on each part of the 
domain. Therefore, we can estimate the W" 1,2 norms of fa respectively. 

PartlR 2 '" \5i(0). 

By definitions, since & e C^°(S 2 (0)), we have, on R 2 '" \ Bi(0), 

ll&l& = ll&l&=o(^) 0.3) 
12 



log k 



and, for y = {1,2, • • • ,m], 



\W y fa\\ 2 L 2 = HV&lk 



°(logJ - 



PartnBi(0)\Bj.(0). 

When y = 1, it is easy to get 



|V ^ l=|V ^ l= -V^ r1 ' 



For higher order derivatives, noticing the fact that, for any integer 

v log, =(-d-2- ^ftzm^. 

(m - I - 1)1 



1 </< f, 



we 



have, when y is odd and 1 < y < m, 



d r-i - 



2 (m-l)!(2^)! 
- — r 



(-\f^2 y -\y- 1) J — — 

1 ' KJ '^Mlogk (m-y^)\ 

~~j~(m-l)!(^)! 



•(r+Di 



When y is even and 2 <y <m, 



2?- 2 (y-l)J 2 j 
^Mlogfe (m-^i)! 



. - r , 2 (m-l)!(|-l)! 

n \Mlogfe ( OT _Z_i)! 

In particular, we have 

V-fc = Affc = (-l)f2^^I(»-l)!r- 
which gives us that, on Bi(0) \ B_l(0), 

VI 

JBmXB _l(0) Mlogk 

VI 

2 2m -'((m-l)!) 2 f 1 
Mlogk J i 

VI 

M 
13 



Substituting M = (4?r) l m 1)1 and a>2m-i 



, ,,, , we set 

(m- 1 ) ! ' fe 
7/in ii2 



liv>*[| 2 2 = 1. 

When y — 0, by integrating by parts and the definitions of we get 



llfcllj. 



2 log 2 r 



Bi(0)\Bj_(0) Mlogk 

VI 



<J 2 m-l / 1 log k logic 



1 



= O 



M log A:\2ra 3 4mk m 2m 2 k m 2m i k" 
1 



log A: 



Similarly, when y = 1, (I3.5b gives us that 



2r 



-2 



fli(0)VB 1 (0) ^logk 

VI 



<U2m-l 



= O 



(m - l)Mlogfc 
1 



log*: 



When y is odd and 1 < y < m, by ( 13.61 ). we have 

(r _l)222y-3/V-l)!(^)f 



■-JC 



s,(0)\j,(0) Mlog£ 

VI 



((m-l)!(^)!^| 



~ 2r ^ 



= O 



(m - y)M log k 
1 



(m -*£!)! J 



1 



logk 



When y is even and 2 < y < m — 2, by ( 13.7b . we have 

2 2y-i ((m- - l)l 



B,(0)\Sj_(0) Mlogfe 
VI 



(m-i-l)! J 



= O 



M log A:(m - y) 
1 



f ( m-l)!(|-l) 



1 - 



logk 
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Part III Bj_(0). 

•Jk 

We have 



m\W*> 



2M 



m-I 
y=l 



y^2M\ogk k 



(7 - l^l 2 ) 7 



Direct computations show that 



V 2M _, /d % ~ J B 



W"»- 2 (Bj_) 

Vi 



2M 



vT 

AmMk™ 
1 



(3.13) 



Furthermore, by integrating by parts, we have 

2 



yy/2M logic k 



(7 - w 2 ) 7 



z 

,=0 



yyjlMXogk \ k 



V (t-W 1 ) 



Z?(B_i_(0)) 



f v 2 ? nC 1 ) v < 2 

1 



o 



\ogk 



(3.14) 



Combining 031 . (t3T4b and (I3.8H3. 14b . we prove the claim that 

1 



ll$*ll^*Z0P«) = 1 + C 



log A/' 



or equivalently, 



Define 



llfclll = 1+0 



1 



log k)' 

<pkix) 

10*11*' 



We have \\4>k\\E = 1- Furthermore, we have that 



> ^ + 0(1) for W < 



(3.15) 



Now we can begin the proof of Theorem 1 .2. 



Proof of Theorem 1.2. By (H 2 ), we have F(x, tcf> k ) > for all t > and jc e R 2 " 1 . This implies 
that 

r F(x,t<i>k) dx> r F( X ,t<f> k ) 

Jr2« ~ Jw<- 



\xf 



-dx. 
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By ( 13.15b . we have, for t and k sufficiently large, there exists a constant C$ > such that 



tcj) k > for |*| < — . 

Vk 



Since {H{) implies that, for s > -4-, 



Jcj, t Jc, pfa t ) 



we have, if t and k sufficiently large, for \x\ < 



F{x,t<p k )>Cff k . 



Therefore, 



t 2 C ( m ~ 1 \ r 

Je(tcf> k ) = 7 ! |V ffl ^| 2 + 2a r (x)|V^| 2 dx- 



-dx — et I h<p k dx 

Jr 2 ™ 

£ f |V> t | 2 +y flr (x)|V^| 2 f F{X ' t * k) dx-et f hfadx 



y=0 
m-1 



Fix^k) 
W 

F(x, t(/> k ) 



y=0 
m-1 



t r r v> r 

< — I |V> t | 2 +y flr (x)|V^| 2 dx-Cf \ -j-dx-et hfadx 

2 Jr 2 '» ^ £o ] J|a1<-L l*F J R 2™ 

Since // > 2, we get 



Um J e {t(f>k) - -°o. 

t—t+oo 

Suppose d 1 - 1 Ob is not correct. Then we have, for all k and e > 0, 



max 

t>0 



, , I, P \ (4-n)'"m\ 

Jeim)> ^ — 

V 2m / 2ofo 



(3.16) 



(3.17) 



( 13.161 1 and (13 . 1 7b imply that, for any fixed k, there exists t k > such that 

JM4>k) = max J e {t4> k ). 

/>() 

It follows that 4- t J e (t<p k ) = at t = tk, or equivalently, 



<* = #1**111 



t k 4> k f{x, t k <p k ) 
\xf 



dx + et k I h(p k dx. 



(3.18) 



Now we claim that {fjt } is a bounded sequence and its upper bound is independent of e. 
Suppose not. (H5) implies that, for any cr > 0, there exists R a > such that, for all s > R^, it 
holds that 

sf(x, s) > o-e aoS \ 
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Then by ( 13.15b and ( 13.181 ). we have, for sufficiently large k, 

r e a ^\ 

-y^~dx - et k \\h\\ E ,\\<p k \\ E 

J\x\<-L \xf 



t\ > cr 



> cr 



J 

J\4< 



\xf 



-dx- et k \\h\\ E *\\<t>, 



•k\\E 



™2m-l 

(2m-p)k m 



-e aa ^ + ° m ) - et k \\h\\E'Uk\\E, 



(3.19) 



( 13. 19b is equivalent to 



1 > 



n ' k— +0il) -'"^-— - e\\h\\ E ,Uk\\Ek^ 
(2m - p) 

O~L0?„,l "O'k ,„,/) 2k 'H'l '°8't 



(2m -P) 



Let k — > oo, we get a contradiction because the right hand side of the inequality tends to +oo. 
Thus the claim is proved. 
From (13.17l >. we get that 



1-^ — +2ef* h<p k dx. 

\ 2ml a J R 2», 

Here we have used the fact that | \<p k \\ E = 1 and F(x, s) > 0. Since 



(3.20) 



J 



I h<p k dx 



< et k \\h\\ E .\\(/>k\\E = etMk 



t k is bounded and e can be arbitrarily small, ( 13.20b implies that 
If 

hm ti > 1 - , 

fc-»<» V 2m/ ao 

we get, for sufficiently large £, 



2M 



- jlogfe. 



This is a contradiction with the fact that {t k } is a bounded sequence because the right hand side 
of ( 13.19b tends to +oo as k — > +oo. Thus we have 



" V 2ml a 
Let k — > oo and e — > in ( 13.191 ), we obtain 



\ 2m 1 a 



a (2m - P) 
17 



This is a contradiction because cr can be chosen arbitrarily large. Thus Theorem 1.2 is proved 
under assumption (H5). 

If f(x, s) satisfies (H5)' instead of (H5). We can choose a bounded sequence of functions 
{uk) c E such that 

f Tlir dx=1 and W u k\\E^>S p . 

Jr 2 ™ \xf 

Then by Lemma 2.1, we can assume that there exists a function u p such that 
Uk — u p in E, 

u k ^u p in LHR 2m ) for all <?e[l,+oo), 

Uk(x) — > almost everywhere. 

These imply that 

f J^«-» f ^c=l 
Jr2-» kr 9 Jr 2 » l*r* 

On the other hand, we have 

IImpIIe < liminf \\u k \\ E = S p . 

k— >oo 

Thus we get \\u p \\ E = S p . Define a function M E (t) : [0, +00) -> R by 



f ||V" Mp l 2 +Z«rWl v %l 2 |^- f ^l^ dx-te f hu p d 
2 Jr 2 ™ ^ ^0 J J R2 '" ' x ' ^ R2 "' 

By (ff 2 ), (ff 5 )' and J R2m = 1, we have 

^2 f* ( m ~~ ^ \ +p r 1 \p 

M e {t) < - \V m u p \ 2 +y ai (xWu p \ 2 dx-C p -\ ^dx + et\\h\\ E ,\\u 
2 Jr 2 ™ { j^j ) P Jr 2 ™ W 



t-S 2 p-C p - + etS p \\h\\ E , 
2 ' p 

{p-2)S 2 p pl(p - 2) 

■ + et S p \\h\\ E ,, 



2p c 2 J (p ' 2) 

where to is a constant which belongs to [0, +00) and is independent of the choice of e. By 
choosing e small enough, we get the desired results from the definitions of C p and S p in (H 5 )' 
immediately. □ 

The sharpness of the Adams inequality. 
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Define wi — tMt . Obviously, we have 

wt\\e 



r e mr - 1 r - 1 
sup I — dx > I — dx 

«eW^(R 2 "'»,||u||^<l Jr 2 '« \ x Y Jr 2 '" \ x r 

r e a fl - 1 

1 V* 

I 

J\x\<- 



dx 



(Ck™ + 2 -k?)dx 



U2m-l(Ck™ + 2 - fa) 



(3.21) 



2mk" 

When a > (l - ^) aim, 2m), substituting M = (4 " ) "^"~ 1)! , we get 

a fj 

1 — > m. 

2M 2 

This implies that the right hand side of ( 13. 2U tends to infinity as k — > oo. Thus the inequality 
(11.7b is sharp. 

4. Multiplicity result of the related elliptic equation 

To deal with equation (11.2b . the main difference between our general case and the special 
case n - 2m — 4 is the function space E. As our proof of Lemma 2.1, the proofs of the following 
three lemmas are essentially the same as those in j29ll . The different definitions of E do not cause 
difficulties and so we omit the proofs here. 

Lemma 4.1. Assume (Ai), (A2) and (Hi) — (i/3). Then for any Palais-Smale sequence {uk} c E 
of J e , i.e., 

Jeiuk) — > C, J'jMk) — > as k — > 00, 
W£» to subsequence, there exists u € E such that 

Uk — 1 m in £ ant/ m& — > m in L 9 (R 2m ) for any q > 1. 

Furthermore, we have 

l/TD>2m\ 





f(x,u) 


\xf 


~w 


F(x,u t ) 


. F(x,u) 


w 





in L l (W m ) 



and u is a weak solution of (11. 2[ . 

Lemma 4.2. Assume (A\), (A2), (Hi), (H2) and (H4). Then there exists ei > such that, for 
any < e < e% there exists a Palais-Smale sequence {u^} C E at level Cq < which converges 
strongly in E to a minimum type solution uq of M.2\ . Furthermore, we have Co — * as e — > 0. 



Lemma 4.3. Assume (H$) or (H5)', together with (Ay), (A2) and (Hi) — (H4). Then there exists 
63 > such that, for any < e < ej, there exists a Palais-Smale sequence {v^} C E at level 
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Cm > which converges weakly in E to a mountain-pass type solution vq of ( 17.21 ) with min-max 
level Cm- 



By Lemma 4.2 and 4.3, to prove Theorem 1.3, we only need to prove that uq and vo are 
distinct weak solutions. During the proof, we need the following singular version of Lions' 



inequality. This kind of inequality was first proved by Lions in [21]. 



Lemma 4.4. Let {wk) be a sequence in E. Suppose \\wk\\E = 1 ond Wk wq in E. Then, for any 

Q <p< h-l.)^^. iWehave 
' \ 2m J 1-IKHl' 

r e> m i - 1 

SU P | 5 <*x < oo. 

k Jr 2 ™ \xf 



Proof of Lemma 4.4. If wq = 0, the lemma is a direct consequence of Theorem 1.1. Otherwise, 
by our assumptions on Wk, we have 



llWjfc - w 1|, 



1 + 



1 - 



V m w k V m w + V a 7 (x)V y w k V y w Q 



dx 



as k — » oo. 



Using Young's inequality, we have, for any 6 > 0, 



f 

Jr 2 ' 



e pw i - 1 



\xf 



-dx < 



f, 

Jr 2 ™ 



2 p((l+5)(»' 4 -M'o) 2 +(l+5 ')»' 2 ) _ J 



\xf 

„HP( l+S)(w k -vv ) 2 -1 



-dx 



xf 



-dx + 



^(l+r'K-i 



-dx 



=: Wi + W 2 . 



where p. > 1 , v > 1 and - + ^ = 1 . 

We can choose S sufficiently small and p sufficiently close to 1 such that 

P 



pp(l+S)(l - IKHl) < (l - £-)a(m,2m). 



Then, by Theorem 1.1 and (14. U . we have W\ < C for some universal constant C. 
To estimate Wz, we first claim that , for any a > and u e E, we have 



f 



1 



-C/X < OO. 



(4.1) 



(4.2) 



In fact, since E c IT^pt 2 ™), by the density of C~(M 2m ) in W"' 2 (IR 2m ), we can choose some 
u Q e C,7(R 2ffl ) such that 



II" - "oll^^ < (l - — ) 



P \ a(m, 2m) 



2a 



(4.3) 
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We get from (|43T > that 



2m \ 2a 



2m — ft) a(m, 2m) 



(u - M()) 



< 1. 



(4.4) 



Assume R u and C u are positive constants such that supp^o c Br u and |mq| < C„. Then we have 



„2a(u-uo) 2 +2aiiQ _ j 



-dx 



r e mr - i r 

X e 2a(u-uof +2au 2 _ £ 2aul _|_ e 2au 2 _ j 



< e 



laCl f 

Jr 2 



< e 



2aC- 



\xf 

e 2a(u-u a f _ j 
2a(u-u ) 2 _ J 



dx + 



dx 

2au 2 a _ j 



-dx 



„2ffC; 



f 

Jk 2 ' 



t/x + (e 2aC » - 1) I — c/x 
l*r Jfi ff „ 

e 2a( "-"° )2 ~ 1 , ^ 2m -l(g 2 " C " ~ 1) D 2m- P 

dx H - R u 



\xf 



2m- (3 



By dl.7t with r y = 1 for < y < m and (14.4l i. we have 

e 2a(M-H ) 2 _ j 



f 

Jr 2 



\xf 



-dx < C 



for some universal constant C. Thus we get our claim proved and it is easy to see that W2 < C 
follows from the claim immediately. □ 

Proof of Theorem 1.3. Suppose that uq and vo are the minimum and mountain-pass type solu- 
tions of i ll .21 respectively. By Lemma 4.2 and 4.3, we have that, for e small enough, there are 
two sequences \u k } and {v^} in E such that 

u k -» u Q and v k v , 

J € (Uk) — * Co < and J e (v k ) — > Cm > 0, 
J' e (u k )u k and ^(v^v^ -> 0. 

Theorem 1.2 tells us that < C M < Co + (l - 2I) m! ■ We will show a contradiction under 
the assumption uq = vq. 
Let 

w k - 7, ^~ an d Wo = 



\\v k \\E lim livens 

We have \\w k \\ = 1 and w k — »■ wo in £. In particular ||wo||b < 1. To proceed, we distinguish two 



Case 1. ||wo|| E = 1. 
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In this case, we have 



lim HvjtHfi = \\uq\\ e . 



Therefore, — > Uq in E. Lemma 4.1 tells us that 

in LW"). 

\x\p \xf 

Then we have 

J e (v k ) -> JJuo) = Co, 
which is a contradiction with our assumption. 

Case 2. ||w || £ < 1. 

Since < C M < C + (l - ^) = 7 £ (m ) + (l - ^) ^f^, we can choose some q > 1 

sufficiently close to 1 and 6 > such that 



E \ 2m) 2(Cm — Je(uo)) 



Since v k ^m'mE and in L^K 2 " 1 ), we have 

lim INlCl - |bvoll|) = lim ||v 4 ||| - |k>ll| = 2(C M - JJu )). 

k— >oo A'— >co 

Then we get, for k sufficiently large, 

wMi< (,_A)il!p|. (4.5, 
\ 2m/l-||w ||| 

Suppose a > 0, p > 1 and p' > p, using L'Hospital's rule, we have that there exists a positive 
constant C a which only depends on a, such that for all s > 0, 

(e asl - \) p < C a (e a "' s2 - 1). 

In fact this is a result proved by the first author in 13 311 , Then by (Hi) and Holder's inequality, 
we have 

\f(x,v k W J „ „ f Iv^ + lv^V^-lF, 



r <_ c r 



< C I -ax + C | z~dx I - ax 

W* J R 2,„ \x\p? 



< C 



r ]v*F 

L„\x\P? dX + C J^ \x\PP dX J R2 ,„ \x\PP dX ' 



where ^ + ~ = 1 and /?2 < Py Since < /? < 2m, ( I4.51 l and the continuous embedding 

p2m\ f~ r of ,, r „ \ 1 ;™,-,l, 7 fUof fharo oviptc c-»»-na n • 1 ^ n ^ si on^Vi tViot A A -W.) 



£ //(M ) for any > 1 imply that there exists some p : 1 < p < q such that J 
bounded in LP(R 2m ). It follows that 

f(x, V k )(v k - M ) 



is 



r 



dx < C||v t - moII^ -> 0. 
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From this convergence and J' e (vk)(vk - wq) — > 0, we get 



m— 1 



V m v k V m (v k - «o) + V fly (x)V^,V^(v, - «o) 
Moreover, since v* — >■ mo, we have 

f V m « V m (v t - «o) + V a r (x) VT«oW(v t - mo) 



y=0 



m— 1 



rf* -» 0. 



dx — > 0. 



These two limitations tell us that v* — > «o in £. From the continuity of the functional / e , we get 
Je(yk) — > / e (wo) = Co, which is still a contradiction and the proof is finished. □ 
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